Abstract. The paper deals with the problem of extending the recent work of M.S.Baouendi and L.P.Rothschild concerning harmonic functions vanishing to infinite order in the normal direction in balls and half-spaces. Contrary to what one expects, we show that the B.-R. result extends neither to arbitrary domains nor to cases when the normal is replaced by a curve transversal to the boundary. The exact criterion when the result holds in R 2 is given.
Introduction

This theorem implies the corollary (B). If, in addition to the hypotheses in (A), u vanishes to infinite order at
Earlier, somewhat similar but weaker results under the hypothesis that u is harmonic in a half-plane and decays exponentially along the y-axis were obtained in [4] . Also see further extensions by H.Shapiro [5] , [6] .
The authors in [1] remarked that similar results should, perhaps, hold in arbitrary domains D (in fact, only a small real-analytic piece V of the boundary Γ matters). An interesting question is also whether one can replace the normal direction by an oblique one, or even by a real-analytic or C ∞ curve transversal to Γ. More precisely, does the following generalization of (A) hold? It turns out that in general answers to the questions about (A ) are in the negative. For general domains and transversal curves (A ) does not hold. The subject of this paper is characterization of plane domains for which (A ) is still true. Our main result (Theorem 2) is that (A ) holds if and only if V is locally symmetric about the normal to Γ at x 0 . However, (B ) holds for all domains. We also include some results for the situation when the normal is replaced by a transversal curve.
Examples of failure of (A )
As usual we identify R 2 with C, x + iy = z ∈ C, x, y ∈ R. Let V contain z = 0 and be defined by
where f (x) is a real-analytic function, f (0) = 0 and the domain D near the origin lies "above" V . Consider the above problem with u(x, y) vanishing to infinite order on the y-axis (y ≥ 0) at z = 0. f(x) has Taylor expansion near x = 0
where the coefficients c k are real. If c 1 = 0, the y-axis is oblique with respect to V . If, in particular, all c k , k ≥ 2, vanish, V is a piece of the straight line y = c 1 x and we have the half-plane situation with u vanishing to infinite order in an oblique direction. If c 1 = f (0) = 0, i.e. V is tangent to the x-axis at z = 0, then the y-axis is normal to V . We can rewrite (1.2) as
where k 0 ≥ 1, and c k0 = 0 is the first non-vanishing coefficient in (1.2). The harmonic function
is continuous in a sufficiently small neighborhood of the origin (we choose the branch of √ z so that √ 1 + 0 2 = 1). On the y-axis z = iy, so u(x, y) = Im 1 − y 2 ≡ 0 (for |y| < 1) and therefore u(x, y) vanishes to infinite order on the y-axis at z = 0. To check the hypotheses of (A ) it remains to show that u(x) has a constant sign on V . 
Thus, for sufficiently small |x| = 0, u(x, f (x)) > 0. Therefore, all the hypotheses of (A ) are satisfied but (A ) nevertheless fails (u does not vanish anywhere on V near 0). Thus, we have the following corollaries: In general, u(x, y) does not have to vanish not only on V but also on the y-axis (i.e., on a normal or oblique line) and, moreover, does not have to extend across V as a real-analytic function, contrary to what the Baouendi-Rothschild Theorem implies [1] . To see this, consider modified examples:
(the branch cut for √ z is on the negative y-axis), so u 1 vanishes on the y-axis and is not analytic at z = 0, or
which does not vanish on the y-axis and is not analytic at z = 0.
Domains in which (A ) does hold
Now consider V defined as in (1.1) and such that the y-axis is orthogonal to V , i.e.
V is the image of a neighborhood of the origin on the x-axis under the map:
Sincef (0) = 1 = 0, the inverse map h(z) tof(z) exists in a neighborhood of z = 0 and
Under this map a part of V near the origin is mapped into the x-axis while the y-axis is mapped into a real-analytic arc S defined by
Since harmonicity of the function u(x, y) is preserved under conformal maps (together with the property of vanishing to infinite order), we have the following simple
Proposition 2.1. (A ) holds for a boundary arc V and a harmonic function u(x, y) vanishing to infinite order on the y-axis at z = 0 if and only if it holds for the x-axis and for u(f (z)) vanishing to infinite order on the arc S.
If f (z) is an odd function, thenf(z) is odd and so is h(z). Hence, S must be symmetric about the origin in a small neighborhood of it, i.e. ϕ(y) must also be an odd function:
In a more general case, when f (x) is as in (1.5) (with the same notation),
Conversely, given the arc S (by (2.4)) we can find the equation (2.1) of V using a procedure similar to the above. Again, when ϕ(y) is odd or given by (2.6), then f (x) is odd or given by (1.5). From Proposition 2.1 and Corollary 1.3 we obtain the following
Corollary 2.2. Let a boundary arc V be a part of the real axis. Let ϕ(y) be the defining function (2.4) of an arc S tangent to the imaginary axis. If the lowest non-zero term in the Taylor expansion of ϕ is odd (2.6), then (A ) always fails for harmonic functions u(x, y) vanishing to infinite order on the arc S. In particular, (A ) fails for arcs symmetric about the origin, i.e. for odd functions ϕ.
The following lemma is known in connection with Poincare's local problem of conformal geometry (cf. [2] and, also, [3, Lemma 1]). For the reader's convenience we supply a simple proof.
Lemma 2.3. Given an arc V (or S), we can find a conformal map sending V into the x-axis (S into the y-axis), z = 0 to z = 0 and the y-axis (x-axis) into itself if and only if V is locally symmetric about the y-axis (S is locally symmetric about the x-axis).
Proof. It suffices to prove the lemma for the x-axis and the arc S. Suppose ϕ(y) is even, i.e., ϕ(y) = m c 2m z 2m . Since the coefficients ofφ(z) are real, the inverse map h(z) toφ(z) also has real coefficients. Thus, the x-axis is preserved under h(z) while S is mapped into the y-axis.
Conversely, suppose h(z) is the required function. It preserves the real axis and so does its inverse h −1 (z). Then S is the image of the y-axis under the map h −1 (z).
By the Schwarz Reflection Principle h −1 (z) = h −1 (z) and S is symmetric about the x-axis. The proof is complete. V given by (2.1) is symmetric with respect to the  y-axis, i.e. the function f (x) is even, then (A ) holds. V is a part of the real axis and a function u(x, y) harmonic in the domain D (∂D ⊃ V ), u ≥ 0 on V , vanishes to infinite order on a part of an analytic arc S orthogonal to the real axis while the whole curve S is symmetric with respect to the x-axis, then u must vanish identically on some subinterval of V about the origin, i.e. the conclusion of (A ) still holds. 
Corollary 2.4. If a boundary
Corollary 2.5. If a boundary arc
The curve S is the image of the y-axis under the map
Now let ζ = h −1 (w) be the inverse of h that has expansion
where all d k are real. Obviously, h −1 sends the x-axis into itself (locally). The image of S under h −1 is a curveS. In view of (2.9)S can be parametrized by
and according to (2.10) we have:
So in the ζ-plane,S is parametrized bỹ
or, excluding y, we obtaiñ 
Also, note that if S is a C
∞ -curve such that its defining function ϕ(y) vanishes to infinite order at y = 0, then (A ) obviously holds for V ⊂ R and harmonic functions u vanishing to infinite order on S (the proof is similar to that in [1] ).
